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Mann (Canad. J. Marh. (1952) 222-226) has proved that 2 is a multiplier for a 
cyclic difference set only if 2 1 n = k -I, and 3 is a multiplier for a simple cyclic dif- 
ference set only if 3 1 n = k - 1= k - 1. provided that these cyclic difference sets are 
not trivial. In this paper, we prove that 3 is a multiplier for a nontrivial cyclic dif- 
ference set only if 3 1 n = k - I for arbitrary I, and 5 is a multiplier for a non-trivial 
simple cyclic difference set only if 5 1 n = k - 1= k - 1, as well as a necessary and 
sufficient condition for a prime to be an extraneous multiplier-multipliers not 
dividing n = k - 1. Y  1986 Academic Press, Inc 
INTRODUCTION 
A (u, k, A)-cyclic difference set D E {d, ,..., d,J is a collection of k residues 
modulo v, such that for any residue d f 0 (mod u) the congruence 
d, - d, = d (mod u) 
has exactly 2 ordered solution pairs (d,, d,) with d, and d, in D. If 
D = {d, ,..., dk} mod v is a (u, k, A)-cyclic difference set, then {d, + s,..., 
dk + S} taken modulo u is also a (0, k, /z)-cyclic difference set, which is 
called a shift of the original one, D. If integer t, prime to v, is such that 
P I ,..., tdk} E tD taken modulo o is a shift of D, then t is called a multiplier 
of D. 
Partly because of its importance in constructing cyclic difference sets, the 
theory of multipliers has drawn popular attention. Although the question 
as to whether every cyclic difference set must have non-trivial multipliers 
(i.e., multipliers t & 1 modulo u) remains wide open, this is the case under 
certain circumstances. The main result is due to Hall [a]. 
THEOREM 1. Let D be a (v, k, A)-cyclic difference set, and d be a divisor 
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of n = k - A, where (d, v) = 1 and d > 1. If for every prime p dividing d, there 
is an integer j, such that 
then t is a multiplier. 
pi”rt (mod ~1, 
For proof of this theorem, readers are referred to [2]. 
Theorem 1 gives a method to find out multipliers for cyclic difference 
sets. In such a search, which has proven successful, we find that multipliers 
are mostly divisors of n = k - 1, though not necessary. Then the question as 
to look for multipliers not dividing n, which we refer to as extraneous mul- 
tipliers as Mann has defined in [6], arises. 
In this paper, we aim to get some results about extraneous multipliers. 
PRELIMINARY 
Let D = {d, ,..., dk} mod v, and 0(x) E xdl + . . . + xdk mod(x” - 1). Then 
D is a (v, k, I)-cyclic difference set iff 
d(x). 0(x-‘) =n + AT(x) mod(x” - 1 ), 
where n=k-1 and T(x)= 1 +x+ ... +x”-i mod(x”- 1). We call 0(x)= 
X4 + . . . + x4, where D = {d, ,..., d,} is a (v, k, A)-cyclic difference set, the 
Hall polynomial of D. 
It is evident that t is a multiplier for D iff 
&x’) e xs. e(x) mod(x” - 1) (1) 
for some integer S. 
It has been shown that - 1 is never a multiplier for a non-trivial cyclic 
difference set. And it is also well known that for any given multiplier t, 
there exists at least one shift D + s of D that is fixed by t in the sense that 
t(D + S) = D + S. Precisely because of this fact, we may assume in (1) that 
s = 0. 
Mann proves in [6] the following 
THEOREM 2. A prime p is a multiplier for a (v, k, A)-cyclic difference set 
D = {d, ,..., dk} mod v iff 
eqx) = xse(x) mod d(p, x” - 1). (2) 
If p is an extraneous multiplier, then 
ep- ‘(x) E x~ mod d( p, x” - 1) 
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ifpjk, and 
8p-‘(x) =x3 - T(x) mod d(p, x” - 1) 
if p 1 k, where e(x) s xdl + . . . + xdk mod(x” - 1) is the Hall polynomial of 
D and 
T(x)= 1 +x+ ... +xUP’ mod( x” - 1). 
Proof Since P(x) z 0(x”) mod(p, xD - 1 ), it is obvious that p satisfies 
(2) when p is a multiplier. Conversely, if prime p satisfies (2), then 
mod d( p, x’ - 1). 
Comparing the coefficients on both sides of this equation, we have 
8(xP) E x” . e(x) mod (x” - 1 ). 
Hence, p is a multiplier. 
If p is an extraneous multiplier, then p j n. Multiplying both sides of (2) 
by 0(x’), we have 
e~~~(~~).e(X).e(.K~-I)~X~~.e(X).e(x-I) mod d(p, xv - 1 ), 
Thus 
nep~l(.u)+Ikp-lT(s)=nx”+IT(.u) mod d( p, x0 - 1) (3) 
since f(x) T(x) =f(l) T(,x) mod(x”- I) for any polynomial f(x) with 
rational integral coefficients. So, when p J k, we have kp- ’ E 1 mod p, and 
thus we get from (3) 
lzep - yx) = lz.x~ mod d(p, .K” - 1 ), 
or 
eP-I(X)Ex~ mod d( p, x” - 1) 
since p J n. When p / k, we have kp- ’ = 0 mod p, so from (3) to have 
neP- I(X) 3 nxs + AT(~) mod d(p, x” - 1). (4) 
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Since n + 1= k = 0 mod p, we have from (4) 
ep-l(x)=xs- T(x) mod d(p, x” - 1). 
Our proof is now complete. 
The proof of Theorem 2 is not too difficult, but it does explore means of 
studying multipliers, which will immediately be supported by a 
straightforward corollary due to Mann [6]. 
COROLLARY 1. 2 is never an extraneous multiplier of a non-trivial cyclic 
difference set. 
Proof If 2 is an extraneous multiplier of a (v, k, A)-cyclic difference set 
D, then either 
e(x) E xs mod d( 2, x” - 1) 
or 
B(x) = xs - T(x) mod d(2, x” - 1) 
holds. Namely, either 
etx) = xs mod(x” - 1) 
or 
e(x) = xs - T(x) mod(x” - 1) 
holds. So D is trivial. Our proof is complete. 
In fact, Mann also proves in the same paper that 3 is never an 
extraneous multiplier of a non-trivial simple cyclic difference set. A cyclic 
difference set is called simple or planar if A= 1. We soon prove this result 
for arbitrary 1. 
NEW RESULTS 
LEMMA 1. t is a multiplier of a (v, k, A)-cyclic difference set D iff t is a 
multiplier of 6, where D v D E (0, l,..., v - 1 } mod v. 
ProoJ: Let D be a (u, k, il)-cyclic difference set, then d is also a cyclic 
difference set. If t is a multiplier for D, then tD z D + s for some integer s. 
We may assume that s = 0 since t is a multiplier for D iff t is a multiplier 
for any shift of D. So tD ED. And since 
t(Du@z(tD)u(td)=DuD, 
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we find that t4 ED. Thus t is a multiplier for D. An analogous argument 
can prove that t is a multiplier for D if t is a multiplier for 6. Our proof is 
thus complete. 
This proof itself is easy, but it enables us to assume, when considering 
multipliers of cyclic difference sets, that 2k < u without any loss of 
generality. This assumption is valid throughout the rest of the paper. 
Now, we set to prove the inverse of Theorem 2. 
THEOREM 3. A prime p is an extraneous multiplier of a (v, k, A)-cyclic 
difference set D iff p satisfies either of the following congruence equations 
!9p-‘(x)~Y mod d( p, xD - 1) (5) 
B~-~(x)~xs-T(x) mod d( p, xv - 1). (6) 
Proof. We assume that s=O. First, we are to prove that (1) or (2) 
ensures that p is a multiplier. 
Multiplying both sides of (5) by 0(x), we get 
Pyx) = e(x) mod d( p, x” - 1). 
So, p is a multiplier. Multiplying both sides of (6) by 0(x), we get 
P(x) s O(x) - kT(x) mod d(p, x” - 1 ), 
or 
6(xp) - e(x) G -kT(x) mod d(p, x” - 1). (7) 
Counting the number of terms of ( 1, x,..., x*‘- ’ 1 appearing on both sides of 
(7), we get that 2k 2 v if k f 0 mod p, that is a contradiction. Hence k z 0 
modp. Thus 
B(xP) 2 O(x) 
Again p is a multiplier. 
mod d( p, xv - 1) 
Now, we are going to show that (5) or (6) implies p j n. 
Multiplying both sides of (5) by 0(x-‘), we get 
W*(x)(n + AT(x)) = 0(x-‘) mod d(p, x0 - 1). 
If p 1 n, we would have 
kp-*T(x)= 0(x-‘) mod d( p, XI’ - 1 ), 
which is impossible for a non-trivial cyclic difference set D. 
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Multiplying both sides of (6) by 0(x-‘), we get 
ep-‘(x)(n + AT(x)) = &x-l) -kT(x) mod d(p, x” - 1). 
Since p 1 k in this case (this can easily be verified by setting x = 1 in (6)), 
we have 
n+~T(x)=B(x-1) mod d(p, x” - 1) 
when p = 2, which is obviously impossible. Or, when p # 2, 
neP-2(X)E 6(x-‘) mod d(p, x” - 1 ), 
thus p [ n. This completes our proof. 
It seems to be of higher-order of difficulty to solve (5) or (6) and get 
some substantial extraneous multipliers. And it is even not easy to get more 
information about such multipliers from (5) or (6). The following theorem 
proves more useful to negate more integers from the possibility of being 
extraneous multipliers. This will soon be supported by its corollaries. 
THEOREM 4. Let D be a non-trivial (v, k, I)-cyclic difference set. Then, 
an odd prime p, p j v, is an extraneous multiplier iff 
n(P-‘)/2~(P-‘)!2(x)+~ k’P-1)/2(1 mn(P-1)/2) T(x) 
EXy)(P-‘v2(X-‘) mod d(p, x” - 1). (8) 
Proof For convenience sake, we assume that s = 0 in (8). 
If p is an extraneous multiplier, then either (5) or (6) holds. Multiplying 
both sides of (5) by O(P-‘)lz(xP1), we have 
e(P~1)/2(x)(n+~T(x))(P-I)/2_e(P--1)/2(x-l) mod d( p, x” - 1 ), 
which leads to 
e(p- 1W(x) n(P- 1)/2 
( 
+A (1 -n(P-‘)‘2) T(x)) 
V 
ee(~-I)/2(x-*) mod d(p, x” - 1) (9) 
since 
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(P- 1w 
(n+~T(X))‘P--IM2~n(P-1)/2+ 1 n(P-1)/2--r 
i= 1 
((PAil)/‘) liy+tx) 
1 (p-l)/2 
En (P- IP +- 
v z, 
n(p- 1)/2--i ( (p11)i2) Aiviqx) 
4-11/2+l ((,+~,)(P-‘J/2-,(P~l,12) T(x) 
V 
_n~p-ll12+~(~P-l-ncP-‘v2) T(X) mod d(p, x” - l), 
and p l k when (5) holds. So we have (8). Now, multiplying both sides of 
(6) by @(p-1)‘2(xP’), we have 
ecp- “‘2(x)(n + AT(x)) (~-~)/~_e(p-')"(x~~)-O modd(p,.x”-1) (10) 
since p 1 k in this case. While 
(nilT(x))‘P-l~,2~n’P~lL’2~~n’P~‘l”T(x) modd(p,x”-1). (11) 
Combining (10) and (1 1 ), we have (8). 
Conversely, if (8) holds, we have 
n(~- 1112. O(P- lv2(x) E e(p- l)/*(x-1) mod d( p, x” - 1) (12) 
ifpj k, and 
nlp-l):2e(I-1)17(x)+~ k(P-lW(l -nf~-1)/2) qx) 
Ee(~-1)/2(x-l) mod d(p, x” - 1) (13) 
if p j k. 
Either (12) or (13) ensures that p 1 n. Otherwise, (12) gives 
@p-l)/2(x-l)~o mod d(p, x” - l), 
and (13) gives 
@P--1)/2(x-l)z~ k(P-l)/2qx) mod d( p, x” - 1). 
V 
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Hence 
or 
~(x-P)~eP(X-l)~e(P--1)12(X~l)e(k+1)/2 (x-‘)=p T(x) mod d(p, x0- 1). 
But these are all impossible for a non-trivial cyclic difference set D. 
Now, since p 1 k in (12), we have p 1 (u- 1) A and p j A (otherwise 
pi n=k-A). So, we have pj (u-l), namely u=l modp, and thus (12) 
gives us 
n’P~1)/2e(P--1)/*(X)~n(P-1)/*_nlP--1)/*~(x) mod d(p, xU- 1) (14) 
by multiplying both sides of (12) by f!ICP- ‘)j2(x). Namely, 
BP- l(x) f 1 - T(x) mod d(p, xL’ - 1). 
Thus p is an extraneous multiplier. In (13), we have p y k. Multiplying both 
sides of (13) by Q(pP’)‘2(x), we have 
e-l(x)= i mod d( p, x” - 1) 
since (11) holds. Thus, p is an extraneous multiplier. Our proof is now 
complete. 
By Theorem 4, we may derive two interesting corollaries. 
COROLLARY 2. 3 is never an extraneous multiplier for a nontrivial cyclic 
difference set. 
Proof: If 3 is an extraneous multiplier of a (v, k, A)-cyclic difference set 
D, then either (13) or (14) holds. Namely, either 
necx) s etx-l) mod d(3, x” - 1) (15) 
or 
nB(x)+i k(1 -n) T(x)zO(x~‘) mod d(3, x” - 1) (16) 
holds. 
Necessarily that n E 1 mod 3 in (15), but this implies that - 1 would be a 
multiplier for D, a contradiction to the well-known fact that - 1 is never a 
multiplier for a non-trivial cyclic difference set. 
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In order to show the impossibility of (16) we may assume that 
c=(l/u)k(l-n) & 0 mod3. So, n- -1 mod3. Hence (16) gives 
fqx-‘) + O(x) FE CT(X) mod 4 3, x” - 1). 
The impossibility of this equation can easily be found by counting the 
number of terms of { 1, x,..., xuP1 } appearing on both sides of it with the 
reasonable assumption that 2k < O. 
So neither (15) nor (16) can hold. Our proof is thus complete. 
We can also prove 
COROLLARY 3. 5 is never an extraneous multiplier of a nontrivial simple 
cyclic difference set. In other words, 5 is a multiplier of a non-trivial simple 
cyclic difference set iff 5 1 n. 
Proof: Now, I = 1. If D = (d, ,..., dk) is a (u, k, 1)-cyclic difference set, 
we see that di + d,= d, + d, implies that (di, dj} = {d,, d,}, where d,, dj, d,, 
d, E D. Hence 13*(x) - 19(x*) has exactly (k(k - 1))/2 different terms with 
every coefficient equaling 2, which we denote by 2P(x). If 5 is an 
extraneous multiplier, then either 
n*O*(x) = 8*(x-‘) mod d(5, x” - 1) (17) 
or 
n*O*(x) +i k*( 1 -n*) T(x) = O*(x) mod d(5, x” - 1) (18) 
holds. 
First, we are to prove that (17) is impossible. For, when n* E 1 mod 5, 
we get from (17) 
f?‘(x) - 8*(x-‘) mod d(5, XI’ - l), 
namely, 
@x2) + 2P(x) = 0(x-2) + 2P(x-1) mod d(5, x” - 1). 
Since 0(x’) has k different terms with every coefficient equaling 1, we see 
that every term xi appearing in P(x) must also appear in P(x-‘) and vice 
versa. Namely, 
2P(x) E 2P(x- ‘) mod d(5, x” - l), 
and thus 
tqx’) E @x-2) mod d(5, x” - l), 
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or 
e(x’) = e(x-‘) mod(x” - 1 ), 
a contradiction to the known fact that - 1 is not a multiplier of any non- 
trivial cyclic difference set, since 2 [ o when II = 1. 
When PZ’ = -1 mod 5, we have from (17) 
-e(x’)-e(x-*)~2(P(x)+P(x-‘)) mod d(5, x” - 1). (19) 
The coefficients of (19) on the left side are either - 1 or - 2, while that of 
the right side are either 2 or 4. So, (19) implies that the coefficients of the 
left side of (19) are - 1 and that of the right side are 4. Hence 
P(x)=P(x-1) mod d(5, x” - 1). 
So, there are (k(k- 1))/2 terms on the right side of (19). Since there are 2k 
terms on the left side, we find that 2k = (k(k - 1))/2 and hence k = 5. Then 
n = 4, contrary to n2 E - 1 mod 5. 
Now, we are to show that (18) is also impossible. Obviously, we may 
assume that n2 = - 1 mod 5, otherwise (18) is reduced to ( 17) whose 
impossibility has just been shown. Let c = -(2/v) k mod 5, then (18) gives 
P(x) + P(x-‘) = CT(X) mod d( 5, x0 - 1). 
Namely, 
e(x*)+e(x~*)+2(P(x)+P(x~‘))=cT(x) mod d( 5, x” - 1). (20) 
The coefficients of 0(x’) + 0(x-*) are either 1 or 2, and that of 2(P(x) + 
P(x-‘)) are either 2 or 4. Since every term of { 1, x,..., xv-‘} appears on the 
right side of (20) and their coefficients are a constant c, we find, therefore, 
that the coefficients of 0(x’) +0(x-*) are 2, namely, 
etx*) = ecx-*) mod d(5, xL’ - 1) 
or 
etx*) = etx-*) 
It is again impossible. 
mod(x” - 1). 
Since a divisor of n = k-l = k- 1 is a multiplier for a simple 
(u, k, 1 )-cyclic difference set, we see that 5 is a multiplier for a non-trivial 
simple cyclic difference set if 5 n = k - A = k - 1. Hence the corollary. 
It is interesting if we can exclude more primes from the possibility of 
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being extraneous multipliers. And it is desirable to solve (5) or (6) and get 
some substantial extraneous multipliers. Though such desires seem to be 
difficult to realize, still they merit further attempts. 
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